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Why Axioms

What are axioms and why do we care about them?

Axioms are well-defined properties of voting schemes.

For example, I will introduce the mathematically defined axiom that
represents “treat all voters equally.”

Axioms allow us to compare two different voting rules.

Axioms are restrictive. Sometimes, only one voting rule fulfills a set of
axioms.

They’re fun and neat mathematically.
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Notation and Definitions Notation

Notation

N is a finite set of n voters.

A is a finite set of m alternatives (e.g. candidates in an election).

Each voter i casts a ballot that lists their complete, transitive, and
antireflexive preferences ≻i over A. We denote the m! possible
orderings by L(A).

We can always discard some of this information when considering a
voting rule (e.g., majority voting only considers the first choice)

A voting profile P = (≻1,≻2, ... ≻n) is the set of all ballots by all
voters. We denote the set of all possible ballots by L(A)n.

The source is Moulin 2016 unless otherwise stated
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Notation and Definitions Social Choice Function

Definition

Definition

A social choice function, voting rule, or SCF, is a function f : L(A)n → 2A

that returns some subset of A, the alternatives. If |f (P)| = 1, we say that
f is single-valued and write f (P) = a.

We will usually presume that ties don’t exist

Definition

A social welfare function g : L(A)n → R(A) returns a ranking over the
alternatives.
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Basic Axioms Unanimity

Different versions of Unanimity

Definition

An SCF f is unanimous if, whenever there exists an alternative a such that
for all voters i and all alternatives b ∈ A \ {a}, a ≻i b, then f (P) = a.

In other words, if a is the top choice for every voter, then the social choice
function selects it. Before introducing the next axiom, we first define what
we mean by Pareto dominated: An alternative x is Pareto dominated if
there exists some y such that y ≻i x for all voters i .

Definition

An SCF f is Pareto if f (P) never contains a Pareto dominated alternative.
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Basic Axioms Anonymity

Anonymity

Definition

An SCF f is anonymous if each voter plays the same role. That is, for a
given P, if P ′ is obtained by swapping i and j ’s ballots (i.e. ≻′

i=≻j and
≻′

j=≻i ), then f (P) = f (P ′). A voting rule is dictatorial if f (P) is the top
choice of some voter i .

Lemma

The U.S. presidential election is not anonymous.
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Basic Axioms Anonymity

Profiles Under Anonymity

If every voter is identical, then we can express their preferences using these
profile tables:

Number of voters 10 8 3 1

First place a b d c
Second place b a b d
Third place c c a b
Fourth place d d c a
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Basic Axioms Neutrality and Nonimposition

Neutrality and Nonimposition

Definition

An SCF f is neutral if alternatives are interchangeable. That is, if
f (P) = a1, and P ′ is obtained by swapping a1 and aj in every voters’
preferences, then f (P ′) = aj . f is imposed if there exists some a ∈ A such
that f (P) ̸= a for all P ∈ L(A)n.
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Basic Axioms Monotonicity

Monotonicity

There are many different ways to think about Monotonicity. The general
idea is that if the winning candidate gains more/do not lose any support
as we move from profile P to P ′, that candidate should still win.

Definition (Monotonicity/ Positive Responsiveness)

If a ∈ f (P), and when some voter n for whom a is not their top choice
changes their preferences such that a is their top choice, then under the
new preference P ′, f (P ′) = a
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Basic Axioms Unrestricted Domain/ Resolute

Unrestricted Domain/ Resolute

Definition

We say that an SCF f has the unrestricted domain quality or is resolute if
it is single valued for all P ∈ L(A)n.
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Basic Axioms Strategyproofness

Strategyproofness

Definition

When a voter i changes their preferences from ⪰i to ⪰′
i , and the resulting

profile changes from P to P ′ as a result, we say an SCF f is single-voter
strategy-proof if f (P) ⪰i f (P

′).

In this case, ⪰i is thought of as i ’s sincere preferences. When i changes
their preferences to ⪰′

i , the voting rule should not pick a candidate that
results in a better outcome under the original, sincere preferences by
acting on misrepresented information.
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Basic Axioms Strategyproofness
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Basic Axioms Summary

Summary

Anonymity: Voters are equal

Neutrality: Candidates are equal

Monotonicity: More support = good

Resolute: Always picks a winner

Strategyproofness: Can’t lie and get a better outcome
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Basic Axioms Summary

So many axioms!

Figure: (Wikipedia contributors 2021)
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Basic Axioms Two Quick Theorems

Two quick theorems

Theorem (Campbell-Kelly)

If there exists a Condorcet winner—some candidate that beats every other
candidate in all pairwise contests—then picking that winner is the unique
resolute, anonymous, neutral, and strategyproof SCF (given three or more
candidates and an odd number of voters)

Theorem (Gibbard-Satterthwaite)

Any resolute, nonimposed, and strategyproof SCF for three or more
alternatives must be a dictatorship.
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May’s theorem

Table of Contents

1 Why Axioms

2 Notation and Definitions

3 Basic Axioms

4 May’s theorem

5 The Life of Kenneth May

6 References

Tim Hua Ec 1080: Axiomatic Voting Theory Dec 2021 23 / 49



May’s theorem

May’s Theorem

Theorem

In the two candidate case, a social choice function is resolute, neutral,
anonymous, and positively responsive if and only if it is simple majority
rule.

Proof.

It’s easy to see that simple majority rule is resolute, neutral, anonymous,
and positively responsive (again, ignoring ties for now).
We see that anonymity implies that the SCF is dependent only on total
number of votes for either candidate. If a voting rule is not simple majority,
then there must be some case where a gets more votes than b, but b wins
(e.g., a gets seven votes and b gets six). Now we add votes to b until it
has exactly as many votes as a does in the beginning (e.g., following the
previous example, that means a get six votes and b gets seven).
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May’s theorem

May’s Theorem Proof continued

Proof (continued).

In this case, positive responsiveness states that b still wins after receiving
more votes. However, neutrality states that a must win, since this is the
exact same condition as before, but a and b swapped places. We see that
a non-simple majority rule SCF cannot satisfy all four axioms.

Source : (K. O. May 1952)
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May’s theorem

Reflections on May’s Theorem

It shows us that we can use axioms to think about voting rules.

It verifies that simple majority rule makes sense in the axiomatic
framework.

It provides an argument for why we may want to reduce a
multicandidate election down to pairwise contests.
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The Life of Kenneth May

Kenneth O May (1915-1977)

Source: (Tropp 1979)
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The Life of Kenneth May Early life

Kenneth O May (1915-1977)

His dad fought in WWI, came back and got a master’s from
Columbia, and taught at Dartmouth and then UC Berkeley in the
Political Science department. He taught Earl Warren, who later
became Chief Justice.

May was a mathematics major at U.C. Berkeley and “had an interest
in the mathematical basis of statistics and the use of statistics as an
element in national planning”

Yep. Kenneth is a communist and joined the communist party in
college.

He also pushed for racial integration at a barbershop that refused to
serve Black students.

Source on May’s life unless otherwise stated is (Jones, Enros, and Tropp
1984)
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The Life of Kenneth May After college

Kenneth O May’s Life, continued

After graduating from Berkeley with an A.B. in Mathematics, May set
sail for London on September 18, 1937, and visited Moscow as a
tourist while studying at University College (Now more often known
as UCL) and took classes at LSE.

May studied Russian, spent a lot of time around R.A. Fisher and
learned about statistical methods, and also took classes on economic
planning.

He said he wanted to take Hayek’s “Problems of a collectivist society,”
but not sure if he actually did.

He got married in London in 1938. His dad tried to stop him and his
fellowship forbids fellows from marrying, but he did it anyway.

So he lost his fellowship and went to Paris, where he studied at the
University of Sorbonne and took classes at the l’Université Ouvrière
(Worker’s University) at night.
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The Life of Kenneth May After college

l’Université Ouvrière
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The Life of Kenneth May After college

Reminds me of Abolish/Defund the police
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The Life of Kenneth May After college

Source of pictures

The book above is (Fajon 1938). The entire collection below can be found
here.
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The Life of Kenneth May After college

After Paris

After spending the winter Paris, May traveled through Italy to the
Soviet Union, where he got to meet with people in Moscow
universities

He traveled back to the U.S., and then back to Berkeley to finish his
degree.

Again, he was a part of the Communist party and conducted some
official businesses on behalf of the organization
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The Life of Kenneth May After college

(Professor May Disowns Communist Son; ’Only Honorable
Course,’ Says Californian 1940)
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The Life of Kenneth May After college

What a guy

In response, May said that he believes that “the Communist party is
the greatest force for good in the world and that only through
Socialism can the people of the United States solve the problem of
unemployment, poverty, oppression and war”
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The Life of Kenneth May After college

His full statement

Figure: (K. May 1940)
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The Life of Kenneth May May during the War

War with U.S.S.R. June 22, 1941
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The Life of Kenneth May May during the War

Bombing of Pearl Harbor Dec 7, 1941
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The Life of Kenneth May May during the War

May joins the Army

Now that the Soviets are allied with the U.S., even the American
Communist party is pro-war, and at its urging May thought to enlist
in the Army

He finally got into the army in November 1942, joining the 87th
Mountain Infantry.

His first deployment is at Kiska.
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The Life of Kenneth May May during the War

Aleutian Campaign

Source: (MacGarrigle 2019)
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The Life of Kenneth May May during the War

Sgt. May in the News

Source: (Foisie 1945)
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The Life of Kenneth May May after the War

After the War

May returned to Berkeley and finished his doctorate. His thesis was
titled “On the Mathematical Theory of Employment”

After receiving his PhD on August 2nd, 1946, he moved to Minnesota
and taught as an assistant professor at Carleton College

Wrote May’s theorem in 1952 while at Carleton.

He opposed the Vietnam War and moved to the University of Toronto
in 1966, where he stayed until his death in 1977.

His interests eventually shifted towards mathematical pedagogy,
undergraduate research, and the history of mathematics (Tropp 1979).

He founded Historia Mathematica in 1974, a journal still in circulation
today.
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The Life of Kenneth May May after the War

Summary

1 Axioms: Anonymity, Neutrality, Monotonicity, Unrestricted Domain,
and Strategyproofness.

2 Theorems:

1 Campbell-Kelley: Electing the Condorcet winner is the unique resolute,
anonymous, neutral, and strategyproof SCF

2 Gibbard-Satterthwaite: Resolute, nonimposed, strategyproof SCF for
three + alternative must be a dictatorship

3 May: the only resolute, neutral, anonymous, and positively responsive
two-candidate SCF is simple majority rule

3 Kenneth May—the patriot, Communist, mathematician, and
historian.
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